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The complete theory of Liehr and Ballhausen for d? and d® electronic configurations immersed
in cubic fields has been extended to include noncubic ligand fields of quadrate, trigonal, and
cylindrical symmetry. The complete set of symmetry adapted eigenvectors for the three symmetries
have been derived in various coupling schemes in which the spin-orbit interaction, electron cor-
relation, and ligand field in turn are varied from minor to dominant perturbations. The cor-
responding energy matrices as a function of the parameters of the ligand field, electron correlation,
and spin-orbit constant have been constructed in all the representations. Unitary transformations
connecting different formalisms were obtained. The energy matrices have been solved for represen-
tative sets of parametric values and energy diagrams have been plotted in all the symmetries as well
as in the square planar limit of the quadrate crystalline field. The secular determinants, the eigen-
functions, the energy diagrams, and the unitary transformations presented here are extremely useful
in the study of the various aspects of spectroscopic, magnetic, and other properties of appropriate
systems. The theory is applicable to quadrately distorted or substituted, trigonally distorted or sub-
stituted, octahedral and tetrahedral complexes and to compounds of cylindrical symmetry of d? and

d8 electronic configurations.

I. Introduction

Although the ligand field theory of cubic fields
for all d”, n=1 to 9, electronic configurations has
been developed with the inclusion of spin-orbit per-
turbation 3, such has not been the case with the the-
ory of noncubic ligand fields. The noncubic theory
advanced so far with a very few exceptions? has
been mainly either with complete or part neglect of
spin-orbit perturbation or configuration interaction
or both. Even such restricted calculations have been
limited to a few of the d” configurations. Spin-orbit
interaction acts as a minor perturbation in the case
of the first members of the 3d" iron group elements
but becomes dominant for the last members of the
3d” and for all members of the 4d" palladium and
the 5d” platinum group metal ions. Exact calcula-
tions including spin-orbit perturbation and full con-
figuration interaction will be necessary for a thor-
ough interpretive investigations of the spectral and
magnetic properties of the appropriate complex com-
pounds.

In this series of reports we will undertake to
study the d*> and d® electronic configurations im-

mersed in various noncubic ligand fields. The pre-
sent paper will cover the underlying theory for the
fields of quadrate (tetragonal), trigonal and cylin-
drical (axial) symmetry. Applications of these cal-
culations to actual experimental situations will be
the concern of the future series, with interpreting
the vast amount of available spectroscopic data on
nickel (IT) complexes 5 exemplifying the d® configura-
tion as the beginning.

In order that the basic theory presented be ap-
plicable to all the transition-metal ions including
lanthanides and actinides, we shall consider various
coupling schemes in which the role of the ligand
field, electron correlation, and spin-orbit interaction
is varied each in turn from minor to dominant per-
turbation.

The appropriate compounds of d* and d® elec-
tronic configurations that can be studied by the
theory expounded here are the following: 1) tetra-
gonally distorted or substituted octahedral and tetra-
hedral complexes, including five coordinate square
pyramidal and four coordinate square planar sys-
tems, 2) trigonally ditorted or substituted octa-
hedral and tetrahedral complexes, and 3) cylindri-
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cal (Doh, Cxy) and n polygonal prismoidal (n>4,
Duyy Dpas Dy, Cpyy Cop, C,) compounds which in-

clude gaseous dihalides and metallocenes.

II. Theory
A) The Perturbation

We are concerned with the total perturbation
H=VEF(r,0, ) + 2 erij+ 2 &(r:) Ui-8; (1)
1>7 i

where VI-F- represents the nonspherical potential
field of the encompassing ligands, = e/r;; the elec-
i>]

tron correlation, and X &(r;) ;- 8; the spin-orbit in-
i

teraction. The various coupling schemes refer to the
diagonal nature of these individual perturbations.
If the basis functions are so chosen that the ligand
field potential is diagonalized, construction of sym-
metry eigenfunctions from this basis set to incorpo-
rate the remaining perturbations is known as the
strong field formalism. We note in the case of qua-
drate and trigonal symmetry the ligand field can be
expressed as the sum of cubic and axial fields so
that the cubic ligand field potential alone ‘can be
made diagonal and the axial ligand field potential
is added as minor perturbation or the complete li-
gand field potential can be made diagonal as is pos-
sible in the case of quadrate fields. The former
scheme is applicable in te study of the substituted
and slightly distorted cubic complexes and the latter
scheme is applicable in the study of the substituted
in the study of the highly distorted cubic complexes
of which square planar systems will form a special
case. If the basis set in which the electron correla-
tion is digonal is used to include the ligand field
and spin-orbit perturbations, such a procedure is
called the weak-field or the free-ion formalism. Utili-
zation of a basis set that diagonalizes the spin-orbit
interaction to carry out the ligand field and electron
correlation perturbations is called (j,j) coupling
scheme. In addition to these, there is one other for-
malism which may be employed in the case of qua-
drate and trigonal fields to determine the final eigen-
functions and eigenvalues. This method is to use
one electron spin-orbital functions, which are the
symmetry eigenfunctions for the ligand field and
spin-orbit perturbations, as the basis set to carry
out electron correlation perturbation. The cubic li-
gand field is diagonal in this (y,y) scheme and al-
though the axial ligand field and the spin-orbit in-
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teraction are not completely diagonal, they act as
major perturbations compared to electron correla-
tion 6.

For reasons which will become apparent in the fol-
lowing, we choose to call the strong field, weak-
field, (j,j), and the (y,y) coupling schemes of the
quadrate and trigonal fields the {X, S, toy, €z, I';},
{L’ S’ J’ Fi}v {]’ j, ]’ Fi}9 and {77 (t‘_’g)s VS(th),
7s(eg), I';} representations, respectively. The strong
field, weak-field ,and the (j, j) formalisms in the case
of cylindrical fields are called {Z, 2, 6,n,0, I},
{4,2,0,T;}, and {w, w, 2, T;} representations,
respectively, to conform to the quantum mechanical
notation of the diatomic molecules. The additional
scheme of the quadrate fields for which the one elec-
tron quadrate functions form the basis set is named
{X, S, ez, bag, asg, big, I';} representation.

B) Octahedral Orientation in Quadrate
and Trigonal Fields*?

Except in the case of the four coordinate square
planar and perhaps five-coordinate square pyrami-
dal complexes, axial fields of the quadrate and of
the trigonal compounds are usually of smaller mag-
nitude compared to the cubic fields so that the qua-
drate and trigonal systems under consideration can
be treated as slightly deviated from cubic symmetry.
This means that the symmetry adapted wave func-
tions in all representations except {X,S,e;, bog,
a1, big, I'j} are constructed in octahedral orienta-
tion and properly decomposed on going to quadrate
and trigonal symmetry as shown in Table 17.

Table 1. Decomposition of the Representations of Cubic
Symmetry Relative to Quadrate and Trigonal Symmetries.

Cubic Quadrate Trigonal
rec re T
r,.c r,e I',T
I's3,C re I's,T
I'3pC r',Q I'spT
F4ac FzQ F2T
I'y@)C I's3)Q IETOR
F5aC T4Q FIT
I'5@)C I's)Q I'syT

C) Symmetry Adapted Wave Functions
1. {X, S, tog, €, I';} Representation of Quadrate
and Trigonal Fields

The basis functions are the crystal field eigen-
functions of cubic symmeary, i.e., the &, and e,
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Table 2. Crystal Field Eigenfunctions of Cubic Symmetry in Tetragonal and Trigonal Orientations.

Cubic Tetragonal Trigonal
t2ga dzy dyr=dy
t2gh dzz / ?1’ 74— V ds- = ; [dz'l'";;dy'z'] - /g [d-’f"—y’;/;l dzy’]
. dye 1/; . V ds. V 1 [dea V;dyz] N 1/2 [dars- ,,;/Jzndw]
€ga dz V davrt V ds_r= 1/2 s +ldyZ] i /; Lsme yl%dzly']
egh dgt_y2 1/3 dy 4 1/,3_ dy o= L/% @”L;/;dﬂi%’] + “/; ‘[@;y%ﬁyl_]

orbitals. These orbitals in tetragonal and trigonal means of the orthonormal transformation

quantization 3" are given in Table 2.

In Table 2, d,, d,'+, and dy. denote the ]l, m;)
functions |2,0), F¥|2, £1), and |2, £2), respec-

’

8 W« N

’

’

={0o =V Vi]ly]. (2)

) Vi Vi VR (=
Vi —vi —vi/\a

tively, prime refering to trigonal quantization. The The two electron symmetry eigenstates are con-
trigonal oriented orbitals in Cartesian coordinates structed from this set by using their symmetry
are related to the tetragonal oriented orbitals by transformation properties, which along with those

Cubic Quadrate Ci(2) Cy(y) Cs(2)

tiua= (2) as tiua —tiua tiub

tiub= (¥) €a tiue t1ub tuc

tiue= (2) €b —tub —lue tua

t2ga= (2y) by —t9ga  —l2ga  f2ub

togh= (2) €q —l2ge t2gh t2ge

t2ge= (yz) eb tagh —t2ge  l2ga

ega = (2%) a ega ega  —% ega—ega 13)2
egh= (22 —y?) by —egh egh —% egb+egh V/3/2
a=@f—-Fa)V2 a ay ay ay
tta=(af+Ba) V2 a, ta —Ha ty
ty=i(aa+pB)/V2 e tic t1b tie
tic=—(aa—BA)[V2 ep —t1p —t1c t1a

Table 3. Symmetry Transformation
Properties of Cubic and Quadrate
Functions in {X, S} Representation.

Table 4. Symmetry Transformation Properties of Cubic and Trigonal Functions in {X, S} Representation.

Cubic Trigonal Cs(2') Cy (%) Cy(2)

tiya = (2") ay tiua —tlua 3 tiuat+§ w2 tiup+§ @' trye
tu@) = (7l) e 0+ t1y(2) —tiu(h) F o™ tiyat+¥ tiuh) +§ 02 tu@)
toga = (2"%) ) ay l2ga t2ga — 3 toga+3 -2 t9gn+§ "2 toge
tog() =Vi@)—VE0©05) e w1190 t2g (%) F T toga—} tog(5)—§ Vet (D)
egdy =V3@D+VIEO)  ex w*leg(d) eg(s) eg)

ay =(a ﬂ’_ﬂ' a)[ V2 ay ay a ay

tta =@pf+pa)V2 a, t1a —t1a Fow-tp+itatiorie

tty =-—(a'a) ey w+111p —t1c 3w-"rtya+3 tie+§ e

te =ppf e_ w-1t1e —tp

fFottnatiup+io-te
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Table 5. Quadrate Wave Functions and Energy Matrices in {X, S, to¢, ez, I'j} Representation.

(a) | X, S, t2g, eg , I'jy Functions
[Zo=@p+Ba)/V2, Pi=i(aa+Bp) V2 ¥_1=—(aa—Bp)/V2]
I',Q Representation
| 1)=T"1C[141g(eg?)] =1V3[|(2® (D)|+]|@2—y?) 2—yD)[1(@f—Pa)/V2
|2)=T"1C[3T1g (t2g e) ] = V¥{|(z ) *—y?)| ¥y +[—} |z 2) =D |+ (V3/2) |(z2) (2D ]]1 ¥4
+[—3 |2 -y |— (V3/2) |(y2) )] P-4}
|3)=T"1C[3T1g (12621 = V3{|(z2) v )| Po+|(y 2) z»)| ¥1—|(z2) )| ¥ -1}
| 4> =T"1C[141g (t2:2)] =iV3[|(z2) z2)|+|(w2) W 2)| +|@y) @y |1 (@f—F )/ V2
| 5)=T'3aC[1Eg (eg?)] = V3[(22—y?) (2*—3?)| —| @) |1 @f—Ba)/V2
| 6)=T"38,C[8T ¢ (tog €g)] =iV3{[—1|(z2) D) |—V3/2—[—% |y 2) (2 |+ (V3/2) |(z2) a®—yD1 ¥ |(y 2) 2—y?)[] P -1}
| 7)=T'3aC[8T1g (t2¢ eg)] =iV4{2|(zy) @P—y)| ¥y —[—1]@2) @—?) |+ (V3/2)|(z2) D[] ¥,
—[-3|@2) @@—y)|— (V3/2) |y 2) 1 ¥-1}
| 8) =T3.C[3T1g (2] =i VH -2 2) c2)| ¥y —|(y2) @) | ¥y +]G2) y)| P -1}
|9) =T'3aC[1Eg (t2¢2)] = V1[(z2) G |+|(w2) (w2)| —2|(xy) @)1 @Bf—Fa)/V2.

I',Q Representation

| 1) =T4aC[3T2g (t2g )] = VH{[—1}|(2) (|- (V3/2) |2 =31 ¥ -1 +[—} |2 )|+ (V3/2) |y 2) 2—3D) 1 P}
|2)=T4aC3T1g(t2g eg)] = VH{[—1|(z2) *—yD) [+ (V3/2) [z ) ANV -1 — [~} |y 2) @~y |— (V3/2) [y 2) D)1 ¥}
|3)=T1C3T15(t2eD)] = V3l 2) z ) | ¥ -1 +|(z2) (z )| ¥4] .
[4)=T4aC[1T1g (125 €)1 =iV (zy) (2 —y?) | +|—y®) @] @f—Fa)[V2.

I';Q Representation

|1)=TC[3Teg(t2g er)] =iVi{l(xy) @ |¥ +[—3|G2) @] — (V3/2) |z 2) (2—y)|]1 ¥,
+[-3lw2) @]+ (V32 |y2) @@—y»1 P-1}

| 2)=T3,C[1Eg(eg?)] = VA () 2=y |+ |~y )1 @f—B )] V2
| 3)=T3,C[3T2g (t2g eg)1 =iV E {2](zy) (D] Vo —[—3|G2) ] — (V3/2) |G2) 22— ¥,

—[-3l@2a @]+ (V3/2) |y2) -] P-1}
| 4)=T3,C[3T1g (t2g )] =i VA {[3|(z2) @®—y?)| — (V3/2) |z 2) D1 ¥y +[—3 |2 —yd)| — (V3/2) |y 2) (D]] P-1}
|5)=T"3bC[3T1 (t3) 1 =1 VE[— | 2) @) | ¥y —|(z2) (xy)| ¥ -1]
| 6)=T'3bC[1Eg(t3)] = VAll(z2) z2)| —|(y2) (y)[1 @ f—B )/ V2
I',Q Representation
| 1) =T'52C[342¢ (eg)] = — |z (*—3?)| ¥,
|2 =T'5.C[3Tog (t2g €)1 = VE{[3|(z2) @ |+ (V3/2) |z2) @2—y)N P-1 +[—} |2 (D] + (V3/2) |y 2) D[] ¥}
| 3)=T5.C[3T1¢ (t2g €)1 = VA {[—3 |z 2) —y?) [+ (V3/2) [c2) D1 -1 +[—3|(y2) 2—¥D) — (V3/2) |(y2) D[] ¥y}
| 4y =T5.C[1Tog (t2g ) 1=1V3 [l (x y) @) | + | (® @ y)[1 @ f—B )/ V2
|5)=T5aC[3T1g (t3) ] = VA[—|(2) Gy)| V-1 + |(z2) @y)| ¥,]
| 6)=TI'5aC[1T2g (t3)] =1V} [ (z2) 2| + |y 2) @)1 @ f—Ba)[V2

I'50Q Representation

| 1)=T4C[3T2g (t2g e2) 1= VE{|y) (| P-1 + [—5|(w2) )|+ (V3/2) |(y2) 2=y ]|] To}
|2)=T4C[8T1g (t2g ex)] = VA {—|(xy) =D | P_1+ [} |2 @@= | — (V3/2)| v 2) ()[]1 ¥o}
|8)=TC3T1g(t3)] = V3l @y @2)| ¥y + |y 2) (z2) ¥-1]
| 4)=T4pC[1T1g (t2z €2)] =i[— 3} |(z2) @®—3®) | + (V3/2)|(z2) D)1 @f—Ba)/ V2
[5>=’F5bc[3-42g (832)] =— [(zz) (12—92)[ S~U1
| 6)=T5uC[3T2g (t2g €)1 = VA {|(zy) )| ¥ -1 —[—% |(2) |+ (V3/2) |(y2) 22—y2)|] ¥o}
| 7)=T5pC[3T1g (t2g €g)] = VE{|(zy) G®—yD)| ¥ -1 +[—3 |y 2) 2=y |— (V3/2) |(y2) )] T}
| 8)=I'5pC[1T2g (t2g €g)] =i[—1 | (z2) (=) |— (V3/2) [z 2) (*—y?) 1 @ f—B )] V2
[9)=T5bC[3T1g (12¢2)] = Vi[—|(zy) @) | ¥y +| (¥ 2) (z2)| ¥-1]
[ 10)=T5,C[1T2g (12691 =iV}l (y2) (z9) | +|(y) @[] (@f—Ba)/V2.
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Tab. 5. (b) {X, S, tog, ez, ['j} Energy Matrices.

I',Q Representation I';Q Representation

1|1y = 12D q+7Dt+8B+4C (111) = (1/6)(12D g+7Dt)—8 B—(1/2) ¢
]2y -3¢ |2 0

a3 0 1]3) (35 V2/12) D ¢

o

O | T

(14) = V6(2B+0C) (1|4) = (V2/4)@4Ds+5D¢)
(11]5) i(4Ds+5Dt) {1]5) {(1|6)=0
<1l6> <1l7>=<118>=<1|9>=0 <2|2> = 12Dq+7Dt+2C
(2|2) = (1/6) (12D q+7Dt)+4B—(1/2) 213y = (16/2) ¢
(2|3) = —6B+¢ 214y = (V6/2) ¢
(214) = —Vy2¢ 25 =0
(2]5) =0 2]6) = 2 V3B
(2]6) = (=i V2/4) 4D s+5D1) (3]3) = (1/12) 24D q+49D 1) —8 B+ (1/4) ¢
2|7y = (iV2/12) (—24 D s+5D 1) (3145 = (—1/4) (@D s+5D1)— (3/4) £
(2]8) = (2]9)=0 (3]5Y = (—=3/2) ¢
(313 = —(2/3)12Dg+7D1t)—5B+{ 3l6y =0
34 = vl 414) = (1/4) 8D q+8Ds+3Dt)+4 B+ (1/4
(3]5) = (3|6)=(3]7)=0 24:55 - (_/6;;(_(172); S
(318) = (iV/2/3)(3Ds—5Dt) (4]6y = —y2c
@|% =0 Dq—Ds—3Dt—5B—(1
44y = —(2/3)12D q+7Dt)+10B+5C 22}2; _ (181/272_)53_ et b
(4]5) = (4|6)=(4|7)=(4]8)=0
4)9) = —(i2V2/3)(3Ds—5D1) (6|6) = —8Dg+2Ds—8Dt+B+2C
(5/5) = 12D q+7Dt+2C I',Q Representation
<§Yﬁ> = (V6/2) ¢ (1|1) = 12Dq+7Dt—8B
<0!7> = (V6/2)C <1]2> — V2}-
(518 =0 alss —o
(519) = 2V/3B 9 -
(6]6) = (1/4)(8Dqg—7D¢t)—8B+(1/4) ¢ (11]5) = <1]6)=0
617 = (/4 4Ds+5D 0 — B4 ¢ (2]2) = (1/4)@Dq—TD)—8B—(1/4) ¢
@8 = (—8EC (213) = (V3/4) (4D s+5D 1)+ (Va4) ¢
619y =0 214 = (=12 ¢
(T]7y = (1/12) (24D g—24Ds+19D ) +4B+ A/ ¢ (2|5 = (—V3/2) ¢
(718) = —6B—(1/2) ¢ 216y = (16/2) ¢
(119) = —v2¢ (313) = (1/4)(8D q+8Ds+3Dt)+4B+(1/4) ¢
(8|8) = (1/3)(—24Dq+3Ds—19Dt)—5B—(1/2) 34y = (—V6/4) ¢
819 = (—=12/2¢ (3]5) = 6B+(1/2) ¢
(919) = (—2/3)(12D q+3Ds+2D 1) +B+2C 3l6) = (v2/2) ¢
. {4]4) = 2Dqg+7Dt+2C
I',Q Representation (415> = (=V6/2) ¢
111) = (1/4) (8D g—7Dt)—8B+(1/4) { 4|6y = 2 V3B
(1|2) = (~V3/[4) (4D s+5D 0+ (V3/4) ¢ _ e en
a3y = (v3 ¢ <§:zi - —siz)zqcps BB E—E—{a] ¢
4y = (V6/4) ¢ € = (V2/2)
(212> = (1/4) 8D q+8Ds+3 D1)+4B—(1/4) ¢ {(6]8) =~ —aDg2Ds-BDI-BI20
(2|3) = —6B+0/2) ¢ I',Q Representation
| = 92/4 5
|9 = (e (1|1) = (1/8) (16 D q+21Dt)—8 B+ (1/4) ¢
(3!3) = —8Dq—Ds—3Dt—5B+(1/2) { (112) = =(V/3/8) @ Ds+5Dt)+(V3/4) ¢
Gy = 22 ¢ 13y = (¥3/2) ¢
(414) = 2Dq—4Ds+2Dt+4B+2C ]84y = (V6/4) ¢
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Tabelle 5b
{1]5) =0 {(5|5) = 12Dq+7Dt—8B
{1|6) = (35/8) D¢t Bley = y2¢
1]7) = (V3/8)(4Ds+5D¢) Gl7) =0
(1]8) = (1]9)=(1]10)=0 518 =¢
(2]2) = (1/8) (16D q—8Ds+11Dt)+4 B— (1/4) ¢ (519 = (5]10)=0
2|3y = —6B+(1/2) ¢ 6|6y = (1/8) 16 D g+21Dt)—8B—(1/4) ¢
24y = (V2/8) ¢ (6]7) = (—V3/8)(4Ds+5D 1)+ (V3/4) L
(2]5) =0 68 = (—12/9 ¢
(2|6) = (—V3/8)(4Ds+5Dt) 619 = (—=V3/2 ¢
(2]7) = (1/8)(24Ds—5Dy) 6]10)= (V6/2) ¢
(2|8) = (2]9)=(2]10)=0 (7]7) = (1/8) (16 D q—8 D s+11D¢t) +4 B+ (1/4) ¢
3|3)=(1/2) (=16 D g+D s—11D#) —5 B+ (1/2 (718 = (—=V6/4) ¢
23}5:(/(1)/;72)5 o ) el (719) = 6B+(1/2) ¢
(3]5) = (3]6)=(3|7)=(3|8)=0 (710)= (v2/2) ¢
319y = (1/2)3Ds—5D1) (8|8) = (1/4) 8D q—7Dt)+2C
3|10)= 0 819 = (—=V6/2) ¢
(4]4) = (1/4) 8D q+8Ds+3D1)+4B+2C (8|10)= 2 V3B
(4]5) = (4]6)=(4|T)=0 (9]9) = (1/2) (=16 D g+Ds—11D1)—5B—(1/2) ¢
(4]8) = (—V3/4) 4D s+5D1) 9]10)= (v2/2) ¢
419y = (4]10)=0 {10|10)= —8Dq—Ds—3Dt+B+2C
of the other states are given in Tables 3 and 4. The C, (2) (a’ ) _ (V§ e7il6 iV} )(a, ) (40)
symmetry transformation properties of linear com- 4 B iVy  Vie-ail6)\p
binations of spin functions follow from those of the [} .. ) _ 223 The riplet spin function trans-

single spin functions |1/2,1/2) and |1/2, —1/2)
denoted by a and f. The transformation matrices
of the spin functions can be obtained by the sub-
stitution of angular values into the spinor array of
GOLDSTEIN 8, once the angles are fixed by identify-
ing the transformation matrix of the symmetry ope-
ration with the Eulerian matrix of Goldstein. For
instance, C; operation results in the following spi-
nor matrix:

[ a ﬁi/‘,i_,, i enil4 a
Cs(z’)'l } [iefi,{ o LB
B l V2 V2 B

It should be noted that the spin functions of Table 4
are also azimuthally quantized along the three-fold
7’-axis mather than along the tetragonal z-axis. Thus,
the transformation matrices of the symmetry opera-
tions on the trigonally quantized spin functions are

as follows.
GO (5 )= (% ool (%), (1a)
w5 )= (L7 o)5), (4b)

forms as t; representation and the linear combina-
tions are so constructed with exactly the same be-
havior under symmetry operations as the ¢; orbital
representation. Construction of two electron sym-
metry adapted wave functions in both spin and co-
ordinate space is best illustrated by considering an

example. For this purpose we choose the 3T;,C of

ts,% configuration and discuss the quadrate and tri-
gonal cases separately.

The 3T, (22,%) state under inclusion of spin-orbit
interaction gives rise to the cubic spin-orbital states
I'°+ I+ I',C+I'sC which on going to quadrate
symmetry further decompose to I';%+ (I',Q + I'yQ)
+ L+ I' Q) + (I' Q + I'yQ) quadrate states. The or-
bital components of the °T', state are, a = |(z)(y 2)),
b=|(yz)(zy)|, and c= —|(z27) (xy)|. The @, b, ¢
components of #; representation to which the triplet
spin function transforms are listed in Table 3. Those
quadrate states which occur only once can be writ-
ten down immediately by identifying with the trans-
formation behavior of orbital-spin determinants.
Thus, since [| 1y 1c | — | t1e tn |1, [ 21 21| — | 1 216 |1
and [| Ly e } + [ tie b ]] transform, respectively. as
I'% I's® and I',? the corresponding wave func-
tions, including normalization, are:
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T {T g (1)1} = ,Vz |y 2) @yl [~

I {I5,C[%T 1, (8252 1} =

T TP T (91} = 5 |12 o) [

One of the I';% namely the I';%{I'3,°} can be im-
mediately obtained by carrying out C;(z") opera-
tion on I';%{I'3,°} and equating the result with
—~1/2T3,+V3/2Is,. The other I'}% Ii.e,
I'YI'°[*T14(t2,*) ]} should be orthogonal to
I',%{I'3,C}. The correctness of this orthogonal func-
tion can be checked by its deportment under C,(z)
and C;(Z") operations by which it should be trans-
formed into itself. The a component of the I';? sta-
tes of I',C and I'5C can be derived by C;(z") opera-
tion on I',? and I',Q, respectively. Further C,(z)
operation on the a component will yield the other
component of the I';Q state. The complete set of
symmetry adapted octahedrally oriented quadrate
d? wave functions thus obtained are given in Table
5al.

The I''°+ T+ TI',C+TI° cubic spin-orbital
states of Ty, (t2,?) in trigonal symmetry give rise
to IyT4+ T4 (TsT 4 T5%) + (I'yT+ I'sT)  states.
By an examination of the transformation behavior
of the determinantal products under symmetry ope-
rations, the orbital components of 3T, (5,°) are
seen to be 42 10

a: Ie+(ti’g) e_ (ti’g)!$ b:

| ay(t2) €

- I a (k-’:r) €. (tEg” ’

(t2¢)] -

Now the triplet spin function transforms as ¢, the
three components of which along with their sym-
metry properties are included in Table 4. Denoting

and c:

Co(2) [TT(T®) 1 = Cu(2) {1/V20 — | as (1) e, (1) | (B ) —|as(t26) e (126)| (— '@

J. R. PERUMAREDDI

,(a,,a,—ﬂﬂ)} +[(z2) (z )] [ = a;tzﬂﬂ) B

V2
Ji |12 @l [ CLP) 1 Ga) ey [- oS ER])
CIED)— |(a2) (e[ 22328

the a, b, ¢ components of ¢; (both spin and space)
as ay(ty), e, (4), and e_(t;), we investigate the
symmetry properties of the determinantal products

Table 6. Transformation Properties of Trigonal Orbital-Spin
Determinants.

Function Cs(2) Cy ()
lay(t) ay(ty) =g, P1 P1
[ay(t) e+ (ty)|=, w+1q, Ps3
lay(ty) e-(t)|=eps w-1qy P
les () e (t) | =4 w-1g, Ps
le- () e~ (t)|=s w+1 s P4
les (ty) e— (t) | =94 Pe Pz
le_(t) es (t)|=1p; P7 Pe

Pt P71=Y U2 Wi

Po—P71=Y2 Vs Y2

Lay(ty) ay(ty)], |aa(y) e (4)], and |e. () e (2]
arriving at the results collected in Table 6.

It is immediately obvious that v, is the desired
function correctly transforming as the unique I',"
state. Thus,

It =T,0=1/V2 [ —|a1(te) €. (226)| (B )
= ! al(ti’g) €_ (tZg)‘ ("a, a,)]-

The two components of I'yT corresponding to Iy, "
can be obtained by carrying out C4(z) operation on
I',T. Thus, after some algebraic manipulation, it
can be shown that

1}

=1/V2 {1/3[_|a1(32g) e+(t2g)| ﬂ’ﬁ’) —lal &zv)e (52g)! ('—a’a,)]

+2/3 0~k e, (t2g) - (t2g)] (— @) +|a (teg) e (ta)]| &

+2/3w+l/"[_|e+ (tog) € (tzg)| :3 /3) +|al (t2g) e_ (t2g)

ﬂ+/5' ]

l (a ﬂ +ﬂ’ a,) \

J

which when compared with the transformation properties of Table 4 yields the result that

V2 [le, () e ()] (~0' @) +]anltee) e (120)|* ")

V2 [ =le. () e~ ()| (B F) +]arae) e ()| <77 ~ (1),

and

£oker 1| G M
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It can also be noted from Table 6 that a general-
ized combination of functions for a I';T state is
c;®P;+cyp; . The coefficients ¢; and ¢, in the
I',T{I'\} state are obtained by insuring that the
C4(z) operation carries it into itself. The I",T{I'5,C}
state is then formed as the orthogonal combinatior
to I';™{I",°}. The C,(z) operation on I',T{I'5,C}
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state yields the two components of I'sT correspond-
ing to I's;, C. Finally, the I';T state resulting from
the I';C can be gotten by making it orthogonal to

the other two I'yT states. The complete set of sym-

metry adapted spin-orbital wave functions thus
derived are listed in Table 7a °.

Table 7. Trigonal Wave Functions and Energy Matrices in {X, S, t2¢, eg, I'j} Representation.

(a) | X, S, t2g,eg, I'j) Functions

I',T Representation
[1)=T"1C[141g (eg?)]

=Villes (eg) e_ (eg)| +|e-(ee) e+ (eg)|] (& f/—p a)[V2

| 2) =T1C[3T1¢ (tog eg)1 = VA{[—| e+ (t20) e— (eg)| +] e (t2g) e+ (eg) |1 (&’ B'+B a)[ V2
+1[) a1 (22¢) e— (eg)| +] e+ (t2¢) e+ (eg) |1 (—a’ @)
—[la1(tee) e+ (eg)| +] e (t2g) e~ (ex) |1 (B B)}

| 3 =T"1C[8T1¢ (t2¢2)]

=V3[—| e+ (t2) e- (t2e)| (@ B +B a)]V2

—| a1 (t2e) e— (t2g)| (—a’ ') +] a1 (t2e) e+ (t22)| (B )]

| 4> =T'1C[141¢ (t2?)]

|5) =T5aC[342g (e52)] =] e (eg) e-(eg)| (@ f/+p a)]V2

= V4[| a1 (teg) a1(t2e)| +| e+ (t2) e~ (t2g)| +|e— (12¢) e (t20)[] (& B'—p )] V2

| 6)=TI'5aC[3Tag (t2g €2) 1 =3#{[| a1(t2¢) e (eg)| —| e+ (t2¢) €+ (€g)[] (—a’ )
—[| a1(t2g) e+ (eg)| —| e (122) e~ (ex)]1 (B' )}

' 7> =T'52C[3T1¢ (t2g eg) ] = ’2%/5 {2[| e (t2g) e (eg)l —l e_ (t2g) e (eg)!] (' B +p a’)/]/§

+ [l a1(t2e) e- (eg)| +]|es (t2) e+ (eg)[1 (—a’ ') —[lay (t2g) e+ (ex) |+ e (t2e) e (ex)]] (B )}
| 8> =T'5aC[1Tog (tog €g) 1 =3[ €+ (t2¢) € (eg)| +]e-(eg) e (t20) |
- +| e (t2g) e+ (eg)| +] e+ (eg) e (‘2@7[] @f—pa) Ve
| 9> =T'5C3T1g (12621 =V3[—2] e+ (t2) e- (t20)] (@' f'+p )]/ V2
i + a1 (t2g) e- (120)| (—a’ @) —|a1(t2e) e+ (t2)] (B )]
|10 =TI52C[1Tog (t262)]1 = VE[—2|a1(t2g) a1(t2g)| +] e+ (t2g) e- (t2g)| +| e (t2g) €+ (t20)[] (@ /= a)[V2

I',T Representation

| 1) =T'2C[3T g (t2g €)1 = V{[] e+ (t2e) e (ex)| +]| e (t20) e+ (ex)|] (@' f'+p )/ V2
—[la1(t2e) e (eg)| —| e (t2¢) e (eg)|] (—a’ Q)

—llai(tze) e (eg)| —| e (t2) e~ (ex) ] (')}
| 2)=T'4a0[3T g (125 eg) 1= -2%,; (2l e+ (t2e) e~ (ea)| +]e- (t20) e+ (ex)]] (@' B+ a) V2

+ [ a1 (t2g) e- (eg)| —| e+ (12¢) €+ () |1 (—a’a)

+1 a1 (t2) e+ (eg) | —| e~ (t2) e (eg) [1 (5 )}
| 3) =I'4aC[3T1g (t2g eg) 1 =3#{[| a1 (12¢) e~ (eg)| +]| e+ (12¢) e+ (eg)[]1 (—a’ Q)

+ [l a1(t2g) e+ (eg)| +|e-(t20) e (ex)|] (B )}

| 4y =T'42C[3T1¢ (t22) ]
| 5) =T"'4aC[1T1¢g (12¢ €g) ]

=— V[ a1(t2g) e- (t20) | (—a’ @) +]a1(t20) e (t20)| (B’ )]
= 3[—|e+(t2) e-(ex)| —|e— (eg) e+ (t2g) ]

+]e- (t2g) e+ (ex)| +] e+ (eg) e~ (t20)[] (@' f'—p )] V2

I's,T Representation

| 1)=T3.C[1Eg(eg?)] =|e_(eg) - (ex)| (@ f—B )/ V2

| 2) =I'3aC[3T2g (t2g eg) 1= VE{[] a1 (t2g) e+ (ex)| —| e (t2g) e— (eg)|] (&’ f'+B )] V2
— [ e+ (t2¢) e-(eg)| +|e- (t2¢) e+ (ex)[] (—a’ @)
= [—|a1(t2e) e (eg)| +]es (t20) e (ex)|] (B B)}
| 3)=T'3.C[3T1g (t2g €g)1=V#{—[| a1 (t2¢) e+ (eg)| +| e (12¢) e- (ex)|] (@’ f'+f )/ V2
— [l e+ (t2g) e (eg)| —|e- (t2) e+ (ex)|] (—a’ @)
+[] a1 (t2g) e~ (eg)| +| e+ (t2) €+ (ex) |1 (B B)}
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Tab.7a

| 4)=T'3.C[3T1g (12691 = V4[| a1(tee) e+ (t20)| @ f+P )| V2 —| e+ (t20) e~ (t22)| (—a’ ") —|ay(t2g) e- (t20)| (B )]
|5)=I3C[1Eg (t2¢2)] =V3[—]|a1(t2e) e+ (t20)| —| e+ (t2g) a1 (t2e)| +] e (t20) e (t2)|] (@ f'—p )| V2
| 6) =I"4hC[3T 2 (t2g eg) 1= ‘2':/3; {[la1(22¢) e+ (ex)| —|e_(t20) e (ee)|] (&' f'+p ") V2
—[les (t2) e-(eg)| +]e_(t2g) €4 (eg)]] (—a’ )
+2[—|a1(t2e) e- (eg)| +] e (t2g) ex (ex)|]1 (B’ )}
| 1) =T'C[3T1g (125 €)1 =3{— [ a1 (t20) e+ (eg)| +|e- (t2) e~ (ex) ] (& B+p fl’)/Vzr
tlles(t2e) e (eg)| —| e (126) €4 (eg) ] (—a’a)}
| 8) =T'4C[3T1g (t2:2)] = V4[| a1(t2e) e+ (t20)| (@' f'+P @) VZ+]|es (t2¢) e (t20)| (—a’ )]
| 9) =T'4nC[1T1¢ (t2x €)1 =—3[| a1(t2¢) e+ (eg) | +| e+ (eg) a1(t2g)| +| e- (t2g) e (ex) | +| - (ex) e (t2) |1 (&’ f'—p )] V2
| 10Y =T5,C[342g (e2)] =—] e+ (eg) e— (eg)| (—a’ )
[ 11) = I'55C[3T2g (t2g e2) 1 =34{[—] a1 (t2g) e+ (ex) |+| e (t26) e- (eg) |1 (&’ f'+B" )| V2
—[] e+ (t2g) e- (eg) |[+]| e~ (t25) e+ (eg)[] (—a’a)}

| 12) = T'5uC3T1¢ (125 eg) 1= 5173 —3{[] a1(t2¢) e+ (ex) | -] e (t26) e (e0) ] (@ B'+F @)/ V2

+[l e+ (t20) e- (eg)|—] e (t2¢) e+ (ee)|] (—a’ @)

+2[| a1(t20) - (eg)|+] e, (t2e) ex (ex) |1 (B )}
| 13) =I'sbC[1 T2 (t2g €g) 1 =4[] a1(t2e) €+ (ee) [+] €+ (eg) a1(t2e)|—| e (t20) e- (ex)| —| e~ (eg) e~ (120)[1(a’ f'—p )/ V2
| 14) =T'5,C[3T1g (12621 = V3I[| a1(t20) e+ (t20)| (@ f'+p @)/ V2

—| e+ (t2g) e (t2g)| (—a’ ') +2 ]| a1 (t2e) e- (t2)| (B )]
|15 =T'5pC[1Tog (t262)] = V3| a1 (t20) e, (t2g) |+ | e+ (t20) a1 (t2g)| +2 ] e (t20) e— (t20)[1 (@' p'—f o) [ V2

Table 7. (b) {X, S, t2¢, eg, I'j} Energy Matrices.

I',T Representation {418y = (21/6/9) 3D o—5D1)
111y = (2/3)(18Dq—7D7)+8B+4C “l9) =0 _
a2y = -3¢ 4|10)= (—2V2/9) (9D o+20D7)
)3 =0
Q1% = (V6) @B+C) (5|5) = (2/3)(18Dq—7Dv)—8B
(1]5) = (1|6)=(1|7)=0 516y = y2¢
al9) = alwy=o <§|Ig> - Cs 10)=0
(2]2) = (1/9) (18D ¢—7D7)+4B—(1/2) ¢ Wik = ER-ES
(2]3) = —6B+{ (616> = (1/6) (12D q+3Do+2D7)—8B— (1/4) ¢
g;g = (—1;?1/%/9) e (6]7) = (V/3/18) 9D o+20D7) + (V3/4) &

= (- —5D7 68 = (—
(216) = (V6/18)(9Do+20D 1) 26%9? = Evsyj)/glia—snr)—(wa/m ¢
g{g = éV2/18) (9D o+20D7) (61105= (V6/2) ¢
(2]9) = (V2/3)(3Do—5D7) (117) = (1/18) 36 D g—9D 6—34 D 1) +4 B+ (1/4) ¢
(2[10)= 0 118y = (—V6/4) ¢
(3|3) = (—4/9)(18Dq—7D17)—5B+¢ (119 = (—=1/3) 3Do—5D1)+6 B+ (1/2) ¢
(3}4) = V2¢ (1]10)= (12/2) ¢
3|5 =0
{316) = (—16/9) (3D o—5D1) (8]8) = 2Dq—Do—3Dv+2C
317 = (—V2/33Do—5D7) §8=9>>= (—VV/6/2) :D A
318 = 0 8]10Y= (2V/3/9) 3Do—5D1 3B
g{??))::(o— RO De+20Dy) (919 = (1)9) (—72D q—9Dc+8D 1) —5B—(1/2) ¢
(4]4) = (—4/9) (18D q—7D1)+10B+5C A= LR

- —1 D%

|

{4]5) 4|6)y=(4|7)=0 (10 |10)= (2/9) (—36D q+9Do+34D1)+B+2C
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I',T Representation

1|1
(1]2)
(1]3)
(1]4)
1]5)

(2]2)
213)
(2]4)
215)

(3]3)
(3]4)
(315)
44
4]5)

515) =

T (O

T (|

i

I',T Representation

111
(1]2)
1]3)
(14
1]5)
(116
119
(1]10)=
(1]13)=
(1]14)
(2]2)
(213)
2]4)
(2]5)
(216
2|7
(2]8)
219
(2]11)
(2|12)=
(2]13)=
(2|14)=
(2]15)=

(3]3)
34
315)
316)
317
318
(319
310y
3|11)=
(3|12)=
(3]13)=

T T T

| | | O [ |

T 1 1

Tab.7b

(1/9) (18D g—7D7)—8B— (1/2) ¢ (3]14)=
(—V/2/18) (9D 6+20 D 7) (3]15)=
(— /6/18) (9 D 6+20 D 7) 4]y =
(V6/9) (3D 6—5 D7) 45y —
0 (4]6) =
(1/18) (36 D g—9 D 6—34 D7) —8 B+ (1/4) ¢ @G| =
(V3/18) (9D 6+20 D 7) + (V/3/4) & 4|8 =
(—V3/9) 3Do—5D7)+(V3/2) ¢ @9 =
(V6/4) £ @|1mny=
(1/6) (12D q+3 D 6+2 D7) +4 B— (1/4) ¢ (4]12)=
(=1/3) 3D 6—5D 1) —6 B+ (1/2) ¢ o s
(V2/9) ¢ gj { ig:
(1/3) (—24 D g+3 D 6+16 D7) —5 B+ (1/2) £ sl =
(V2/2) ¢ 251 -
2Dgq—Do—3Dt+4B+2C

(5]13)=

5114y =
(2/3) (18D q—7D7)+2C 5|15)=
(v6/2) £ 6]6) =
(V6/2) C <6|7> =
0
T
1|7y=(|8)=0 6 | i
(—V2/3) 3D 6—5D7) b
Al11y={11]12)=0 <6“2>:
(—V12/3) 3D o—5D7) <6|13>:
{1]15)=0 | 14>:
(1/9) (18D g—7D 1) —8 B+ (1/4) ¢ <6115>:
(—3/4) ¢ N
(—3/2) ¢ 27117; =
0 7|8y =
(—1/2/36) (9 D 6+20 D ) (119) =
(— 1/6/36) (9 D 6420 D 7) (1]10y=
(1/6/18) (3D 6—5 D 1) (7]11)=
(2|10y=0 (7112)=
(— V/6/36) (9 D 6+20 D 7) (71]13)=
(V2/12) 9 D 6+20 D 7) (7]14)
(V2/6) 3D 6—5D7) 8|8y =
0 819 =
(1/9) (18 D g—7 D7) +4 B+ (1/4) & Eg { i‘l)i;
—61/22 1/2) ¢ (s | 125 =
(—V2/12) (9D 6420 D 7) ég ; ii;;
(1/6/36) (9 D 6+20 D 7) (8]155—
(—1/6/6) 3D 6—5 D7) N
0 9 =
(2V3/9) 3D 6—5 D7) 9]10)=
(1/6/36) (9 D 6+20 D 7) {9]13)=
(V/2/36) (9 D 6420 D 7) 9]14y=
0 9]15)=
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(1/2/6) (3D 6—5D 1)

0

(—4/9) (18D g—7D 1) —5B—(1/2)
(=122 ¢

(1/2/6) (3D 6—5D 1)
(—V/6/6) (3D 6—5 D7)
(1/6/18) (9D 6+20 D 7)
{4]10)=0

(—V1/6/18) 3D 6—5D 1)
(—1/2/6) (3D 6—5D 1)

0

(—1/2/18) (9 D 6420 D 7)
0

(—4/9) (18 Dg—7D7)+B+2C
(5]75=(518)=(519)=(5|10)=(5]11)
=(5[12)=0

(—2V6/9) 3D 6—5D1)

0

(—V/2/9) (9 D 6+20 D 7)

(1/36) (12D q+9 D 6—8 D 1) —8 B+ (1/4) ¢
(—1/3/36) (9D 6+29 D7) + (V/3/4) ¢
(V3/18) 3D o—5D 1)+ (V3/2) £

(v6/4) ¢

0

(—1/3/36) (9 D 6+20 D 7)

(—1/12) 9 D 6+20 D 7)

0

(—1/6) 3D 6—5D 1)

0

(1/12) 24D q—3Do—16 D7) +4 B— (1/4) ¢
(1/6) 3D 6—5D 1) —6 B+ (1/2) ¢

(V2/9) ¢

(—V2/3) (3D 6—5D7)

(1/12) (9 D 6+20 D 7)

(— 1/3/36) (9 D 6420 D 7)

= (—V3/6)(3Do—5D7)

(1/2) (—16 D g—D o+4 D7) —5B+(1/2) ¢
(v2/2) ¢

0

(—1/6) 3D 6—5D7)

(V/3/6) 3D 6—5D 7)

0

(V/3/18) (9D 6+20 D 7)

0

(1/6) 12D q+3Do6+2D7)+4B+2C
{9]11)=¢9|12)=0

(—1/6) (9D 6+20D 7)

0

(—V3/3) (3D 6—5D7)
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Tab.7b

{10|10y= (2/3) (18 Dg—7D7)—8B (12]12)= (1/36) (12D q+9Do—8 D7) +4 B+ (1/4) ¢

ao11y= y2¢ (12|13)= (—V6/4) ¢

(10]12)= (—V6/9) 3D 6—5D 1) (12]14)= (1/6) 3D 6—5D 1) +6 B+ (1/2) ¢

10]13)= ¢ (12[15)= (V2/2) ¢

(10]14)= <10[15)=0 (13[13)= (1/6) 12D q+3Do+2D7)+2C

(11]11y= (1/12) 24D q—3Do—16Dv)—8B— (1/a) ¢ BI1H= (=V6/2) { N

(11]12)= (—V/3/36) O D 0+20 D7) + (V3/4) ¢ 18] 15p= (~13/9) @ D5 Ds)42y38

Q1]13)= (—V2/4) ¢ (14]14)=(1/18) (—144 D q+9D 6+76 D7) —5B— (1/2) {

(11|14)= (—V3/18) 3D o—5D 1) —(V3/2) { (14]15)= (V2/2) £

1]15)= (V6[2) ¢ (15|15)= (1/9) (—72Dq—9Do+8D 1) +B+2C

2. {X,S, ez, bse,ai,, biz, I'j} Representation of
Quadrate and {Z, X, 6,7, 0, I';} Representation

of Cylindrical Fields

The quadrate one electron basis functions which
diagonalize the total ligand field are byg(d.*_,2),
aip(d2), bae(d,,), and eg(d,;,d.;). Since octa-
hedral orientation is not maintained in this repre-
sentation, suffice it to use the transformation pro-
perties of the orbital and spin functions under C,(z)
and C,(y) symmetry operations (Table 3) in manu-
facturing the two electron symmetry adapted wave
functions. The same spin functions of the quadrate
{X, S, tog, €, Fj} representation can be used here
also. The procedure of fabricating the wave func-
tions in this representation had been described al-
ready elsewhere!!, hence will not be repeated here.
The complete set of symmetry adapted wave func-
tions derived by us!? are listed in Appendix A.1l
(a) 13,

The orbital and spin functions of the cylindrical
case along with their transformation properties 4
under ¢, symmetry operation are given in Table 8.
The complete set of two electron symmetry adapted
wave functions arise from the configurations (62),

Table 8. Transformation Properties of Orbital and Spin
Functions in Cylindrical Symmetry.

Function Oy
0 =2, £2) d.
e =7F]2 1) Ry
ot =12,0) o+
o+ = (1/V2) @f—Fa) ot
o- = (1/V2) @p+pa) —o-
ny = (aa) 2
- = (ﬂﬂ) T4

(7?), (02), (0m), (d0), and (s10). As an example,
the (0%) configuration gives rise to the orbital states
2~ (spin triplet), 3% (spin singlet), and I' (spin
singlet), which when combined with their corre-
sponding spin functions yield the spin-orbital states
I'y*+I'y, I'y*, and Iy, respectively. The two com-
ponents of I". 4[1I'(6%)] are obviously 15

[(0.)(6)] (afp—Ba)/V2.
Since the orbital combinations

[(6.)(0.) +(8.)(8.)]
[(6+)(6—) - (6—)(64»)] 3

respectively, transform as 2% and X, the remain-
ing spin-orbital states are obtained as follows:
Lo [P2*(8)]= 1/V2[(8,)(8.)
+(©0)(0)1(ap-pa)lV2,
1/V2[(3.) (6-)
—(0.)(6.)]1(ap+pa)[V2,
Iy[P27(8%)] = £1/¥2[(3.) (3-)

(aa)
~ (68153

The wave functions thus derived are given in Table
9a.

and

Lyt [327(8%)] =

3. {L,S,],I';} Representation of Quadrate and
Trigonal Fields and {4, 2, Q, I';} Representa-
tion of Cylindrical Fields

In this representation, the |J, M 7) wave func-
tions of the free-ion serve as the basis functions.
The atomic M is a good quantum number in cylin-
drical symmetry. Thus I’y comes from M;=4 of
Fy and Gy, I'y from M; =3 of °Fy 3, and !G,, I,
from M; =2 of °F, 3 5, !G4, ®P2, and 'D;, I'; from
M./z 1 of 3F4,3,g, 1G4 ’ 3P=_)_1 and ng, T0+ from
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Table 9. C)hndrlcal Wave Functions and Energy Matrices

in {&, 2,0, x, 0, ['j} Representation.
(a) | =, 2,9,n,0, ;) Functions

=@pf+pa)[V2, Pi1=aa, ¥P_1=4f]

I'y+ Representation

| 1y=311(87) =V3[(8+) (x-)| ¥-1+](-) (@+)| ¥ 1]
|2) =311 (n0) = V3[|(+) (0)| P -1+](z-) ()| ¥ +1]

[8)=33-(8) =  |(6+)(B-)| P,
|4y=33"(a2) = |(m+) (@-)| P,
|5y=13*(8) =  |(8+) (-)| @p—Ba)/V2
[6)=13*(a% = |(=+)(®@-)| (@B—Fa)/VZ
|7y=13*(®) = |(0)(0)|(af—Ba) V2

I'y- Representation

|1)=311(67) =V3[|(0+) (@-)| ¥-1—](3-) (7+)| ¥ +1]
|2)=31I(70) =V}[|(7+) )| ¥-1—](7-) (0)| ¥ +1]

I' ;1 Representation

[1)=353-(8) =  [(6:) 0:)| P+1
[2)=311(67) = *[(d+) (%=)| P,
|3)=34(do) = [(32) (0| ¥+ 1
[4)=33"(a%) =  |(@:) (7:)| ¥ 21
|5y=311(n0) = *|(w+) (0)| ¥,
|[6)=1I1(0n) =  |(:+) (7=)] (@af—P ) V2
| Y=UI(0) = [(z+)(0)] (@afp—Ba)|VZ
I . > Representation

|1)=3® (6n) = [(0+) ()] P= 1

| 2) =311 (8n) = [(02) (@)W =1
[3)=34(d0) = %£|(@:)(@)]|¥,
|4)=3(n0) = [(7:) (0)| ¥ 21
[5)=14(60) = [(6+) (@] (@afp—Ba)/VZ
[6)=14(2%) = |(w+)(xs)| @fp—Pa)/V2

I' .3 Representation

[1)=2®(0n) = =£[(d:) (@) ¥,
|2)=34(00) = [(0+) ()| P +1
[3)=16(0x) = |(:) ()| (@f—Fa)/V2
I' ; 4 Representation

[1)=3 (6n) = [0+) ()| P21
[2)=1T'(») = [(0:) 02)]| (@fp—Ba)V2

Table 9. (b) {Z, 2,6, x, 0, ['j} Energy Matrices.

I'o+ Representation

a1 Ds—3Dt—2B—(1/2) {
(1]2)
(1]3)
1|4) [5)=C1]6)=—
aln

(2]2)
(2]3)
(2]4)
(2]5)

I

s+2Dt+B—(1/2) &

3168
¢
<!
0
3D
0
(V6/2) ¢
0

T T

(2]6)
ANy

(3]3)
(314
(3]5)
(316)

414
415)
416)
41D
(515)
(516
61D

[T T |

T T

[ T

(—V6/2) ¢

—V3¢
—4Ds+2Dt+4B
6B

2¢

(3]7)=0
2Ds—8Dt—5B

0

g

0
—4Ds+2Dt+4(B+C)
2(3 B+C)
V2(4B+C)
2Ds—8Dt+7B+4C
VZ2(B+C)

= 4Ds+12Dt+4B+3C

I'o- Representation

(1]1)
1]2)

2]2) =

Il

—Ds—3Dt—2B—(Q/2) ¢
316 B

3Ds+2Dt+B—(1/2) ¢

I’y Representation

111
(12)
(1]3)
(1]4)
(1]5)
1|6)
Qaln

(2]2)
(2]3)
(2]4)
2]5)
(2]6)
|7

(3]3)
3|4
(315)
(316)
CIK)
4]4)
4]5)
416)
|7
515)
516y
G
<6]6)
617

a7y =

T T

I T T R

T T

I T

I

—4Ds+2Dt+4B
(V2/2) &

0

6B

0

(V2/2) ¢

~Ds—3Dt—2B
(v3/2) ¢

(—v2/2) ¢

316B

(3/2) ¢

0

7Dt—8B —¢

0 -

(—v2/2) ¢

(—V8/2) ¢

(—v2/2) ¢
2Ds—8Dt—5B
(v3/2) ¢

(v2/2) £

(v3/2) ¢
3Ds+2Dt+B

0

1/2) ¢
—Ds—3Dt—2B+2C
— V6B
3Ds+2Dt+3B+2C
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I'> Representation

{(1/1) = —Ds—3Dt—-8B—(3/2) ¢
1|2y =0

13 = (=32 ¢

(1]4) =0

als) = (¥3/2) ¢

ajey = ¢

{(2|2) = —Ds—3Dt—2B+(1/2) ¢
213 = (¥3/2) ¢

{(2]4) = 3)6B

2|5y = (V3/2) ¢

(2]6) =0

{3|3) = 7Dt—8B

@l = (—v22¢

3l5) =¢

316y =0

{4]4) = 3Ds+2Dt+B+(1/2) ¢
&ls)y = (1212 ¢

“4l6) = (V6/2) ¢

(5|5 = 7Dt+2C

{(5]6) = —2V3B

(6]6) = 2Ds—8Dt+B+2C

I's Representation

(1]1) = —Ds—3Dt—8B

1]2) = (=32 ¢

113y = /¢

(2]2) = TDt—8B+¢

213) = (=132 ¢

{3|3) = —Ds—3Dt+4B+2C
I'y Representation

(1|1 = —Ds—3Dt—8B+(3/2) ¢
)2y = =¢

(2]2) = —4Ds+2Dt+4B+2C

MJ=O of 3F4.2, 1G4, 3P2.0, lDf_; and 1S(), and FO_
from M; =0 of °F; and °P; . The formation of these
|7, M;) functions as linear combinations of | L, S)
and the construction of [L,S) functions from the
one electron |I, m;) | s, ms) functions have been de-
scribed elsewhere 16,

For the quadrate and trigonal representations,
the | J, M;) wave functions are linearly combined to
form the symmetry wave functions of the cubic
{I';} representation by the use of tetragonal 17-18
and trigonal oriented cubic harmonics!?, respec-
tively, and then properly decomposed. The various
transformations involved in this scheme are given

in Appendix 13, A.1.(b), A.2.(a), and A.3.(a).

J. R. PERUMAREDDI

4. {j. j, I. I';} Representation of Quadrate and Tri-
gonal Fields and {, w, Q, I';} Representation
of Cylindrical Fields

The procedure here is similar to the above scheme
except the | J, M;) functions are obtained from cou-
pling of the | j, m;) of one electron functions. The
process of finding the allowed levels in (j,j) cou-
pling 1¢ also follows that in the (L,S) coupling.
Considering the configuration nd?2, the j and j* may
take on values 5/2 and 3/2. In Table 10 are given
all possible values of (m, m’) for different (j,j)
combinations. The resulting J values are given at
the foot of each column of the Table. These J values
check, as they should, with those obtained in (L, S)
coupling, namely, Gy, 3F; 3.5, 'Ds, ®Ps 1., and
1S, .

The symmetry eigenfunctions are constructed
from the one electron | j, m;) basis functions which
are related to the | I, m;) | s, m;) basis by the Clebsch-
Gordon or Wigner coefficients 6. In the |l m;
] s, ms) functions listed in the Appendix, the [ and s.
being common to all, are suppressed and denoted
by (m;) for the orbital part with + or — sign over
m; to indicate | 1/2,1/2) or |1/2, —1/2) spin co-
ordinates. The two electron | j; , j», J, M;) functions
are related to the | j , jo, mj; , mj2) functions also by
the Wigner coefficients. For j,=3/2 and j, =5/2
and 3/2 Table 33 of CONDON and SHORTLEY !¢
can be used for this purpose. For j,=5/2 and
j1=5/2, these transformations have been derived
by others 20.

Once the ‘], M;) functions are available, the lin-
ear combination of these to satisfy the symmetry
requirements of quadrate and trigonal fields is
achieved again by the use of tetragonal and trigonal
oriented cubic harmonics, respectively, in exactly
similar manner to the procedure used in {L,S,1,T;}
coupling. Appendix 13, A.1.(c), A.2.(b), and A.3.(b)
contain the necessary transformations in this repre-
sentation.

~

5. {y7(to) s y8(t20) , ya(eg), I';} Representation of
Quadrate and Trigonal Fields

The single electron spin-orbital functions used in
this scheme 3" are given in Table 11. The transfor-
mation properties of these functions under C,(z),
Cy(y), and C;(z") symmetry operations for qua-
drate case and under C;(z'), Cy(y'), and C,(z)
for trigonal case are listed in Tables 12 and 13.
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Table 10. J Values of n d® Configuration in (j, j) Coupling.

. 4,7
nd 9 3.9 1)
4 (3,3 3,3
3 (33 $3E3
2 & —3HED GH-3HEHEGI 33
1 (3—33 -9 G—-9E-HEH—5I 3 -3
M; 0 $H—-3E-9HEG D GB—=3GE—-H=HEHEEHD & —-—3HE -3
-1 (—%3(3%D 5D =3H—%-HE - (—3%9
-2 (=333 (=433 -H—+L—-3 (—3%—9%
-3 (—%—9% (=% —3(=3%—3
—4 (—%—3 (=4 =%
J Values 4,2,0 4,3,2,1 2,0
. K Table 11. Cubic Single Electron
Cubic Quadrate Trigonal 2 Spin-Orbital Functions in Quadrate
Represen- and Trigonal Orientations.
tation
yaltee)  —i/V3@y) A +iV2Zas @] —Via@B)—Vie-(@)
yb(t2e)  —i/ V3l (zy) (@) +iVZa- (B)] Viai(@)—Vies (B)
ysaltze) —i/V3[V2(@y) (B) =iz, @] V3a(B)—Vie-(@)
rebltee)  —i/V3[V2@y) @—ia-()] —Via@)—Vies()
8¢ (t22) w_(a) e=i4/V2[e+ (@) +ie- (B)]
78d (t2¢) 7+ (B) el V2[es (@) —ie- (f)]
78a (eg) (z2—y?) (B) e (a)
78bleg)  — (z2—3?) () e+ (B)
78c (eg) (= (B) eibld V2[e+ (&) +ie- (8)]
r8aleg)  — (2% (a) e~ Y2[e+ (@) —ie- (f)]

a The exponential terms in ygc,d , containing the tetrahedral angle f, are introduced as phase factors.

Table 12. Symmetry Transformation Properties of Cubic and
Quadrate Functions in {y, 7} Representation.

Cubic Quadrate C, (z) Co(y) Cy(2)
yia vy —e-aildygy  ym, Vi[e-wi4 yra—e+aildyyy]
ym y®  —e+aifbym —y7a Vi[e-aild yrate+ailt ypp)
vea ¥1a®  —e-ailiygy  ygy — Vi [e-7i/4 pga—e+ailt ygy]
+ Ve~ =ild yge—e+7ilt ygq]
y8b @  —e+7idygy —yga — VE[e-7ilt ygate+ailt pgy] -
+ Vi[e-il4 yge+e+7ild ygq) )
78 Y6a e~7iltyge  yga — Vi[e-il yga—e+ild ygp]
— Vet ygo—e+aild ygq]
78d  76b e+aild ygq —yge — Vi [e-7i/4 yga+e+ild ygp)

— Vi[e-il4 ygo+e+=il4 ygq]

Examination of the transformation behavior of the
two electron determinantal products will then aid
in the formation of the symmetry eigenfunctions.
We will discuss the quadrate and trigonal cases in-
dependently by considering examples.

The y5(t2¢)? configuration yields the cubic states
I',C, I, and I';® which in quadrate symmetry de-
compose to I',Q, I+ I';®, and I',Q + I',Q states.
The I's?(I'5,C) and I'\Q(I'5,C) states are found to

T¥{T'5,°[ys(t26)21} =1/V2[| 78a (t2¢) sa(t2¢)]

- l 7ab (t2g) 7se (f2g) '] s

F4Q{F5ac[78 (t2g) | } = 1/V2 [l V8 (t2g) 78 (t2g) I

+ l 78b (t2g) 78c(t23) l] .
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Table 13. Symmetry Transformation Properties of Cubic and Trigonal Functions in {7, y} Representation.

Cubic Trigonal C4(2") Cy(y) Ci(2)

Y1a 76a@) e-7iBy7, Y7 —Viw-"yia— Vil

77 v eraiBBym  —yma — V¥ o'l y1a— Vi @y

78a 76a@ e~ yg, 78h V3 o[ ygh+e~ibl4 yg. +eibl4 ygq]

78 yen®  eraiBygy  —yg V} 't [ yga— e~ 614 ygo+eifl4 yga]

8¢ 75 —78¢ —iy8e V4 ' €ibl4[yga + '/t ysn—a /s €ibl4 ygq]
v8d 74 —78d +iysd V3 o't e~ iblA[yga— '/t ygp+w ~ s e~ 16/4 pgc]

The corresponding quadrate components I'y?(1's,°)
and I's, ,%(I's, %) are obtainend immediately by
C,(z") operation. The other I',9, i.e., I',%(I',®) can
then be formed by orthogonalization to I';(1'3,°).
A check on this I';9(I',€) is provided by C,(z)
symmetry operation which carries it into itself.

For the trigonal case let us consider the configu-
ration 7g(t2¢) ys(e;) which gives rise to the cubic
states I',C, I',C, I'sC, 2 I',C, and 2 I';C. These cubic
states on going to trigonal symmetry yield I'yT, I',T,
I,T, 2(I',T 4+ I'yT), and 2(I'\T + I'sT) states. Since
the determinantal products |ab|, |bal, |cd]|, and
|dc I , where a, b, ¢, d are the four components of
7g» correctly transform as I'\C, a linear combination
of all of these can be chosen in such a way that the
combination is invariant under C,(z) operation.
Once this combination is found, the other two I'yT
coming from I'5,° can be obtained as orthogonal
functions to I';T(I";€) and to each other. A check is
provided on these orthogonal functions as they
should transform properly as I'\7, i.e.,

g[Ct2')] =1 2C ()1 =1.

The C,(z) symmetry operation on the I';,C com-
ponents and comparison with the symmetry proper-
ties of Table 13 produces the remaining components
of these states, i.e., I'sy 1T (I'5p, oC). Similarly once
the linear combination of two electron determinan-
tal products that transform as I',C is found (note
that 7[Cy(z)] =1, 2[Cy(4")] = — 1, and 7[Cy(2)]
= —1) the other two I',T states of I',C can be
formed as orthogonal functions to it. The I's, 1T
(g, ®) components can then be generated by
C,(2) operation as above. The I's,T state coming
from I'5,° can be found immediately as the ortho-
gonal function to the two I's,T states. The correct
ness of this I'y,T state can be checked by carrying
out the C,(y") and the C,(z) symmetry operation

and

both resulting in the formation of its second com-
ponent I'3,T (cf. Table 4).

The complete set of symmetry adapted quadrate
and trigonal wave functions obtained by the above
procedure are listed in the Appendix!3, A.1.(d)
and A.2.(c), respectively.

D) Parameters

If the quadrate and trigonal ligand field poten-
tials, Vg and Ve, are taken to be the resultant of a
cubic and an axial potential, V¢ and V., i.e.,

Var=Vc+V%T
the cubic potential has the alternant forms 2!
Vo= LE {Y,200:, @) + V75 [Y4(6:, )
+Y,74(0i, ) 1} Ry(r) (6)

(5)

or
Vo= —2/32 {Y 26/, ¢/) + V¥ [Y3(6/, 9)
—Y,73(60/,9)1} Ry(r2) (7)

in quadrate and trigonal orientations, respectively,
and

Veo= 3 [Ry(r)) Y2 (0i, @) +R (ri) Y,(0;, 9))]
(8)

where (0; ;) = (0;, @;) for quadrate and (©;, 7&9{)
= (6/, ;) for trigonal. The ligand field parameters
have been defined as the matrix elements 42:

(2, £2| V| £2,2)

= (1/14 V=) (Ry(r;)) =Dgq, (9a)
(2, 12|V (¥ 9] £2,2)

= (1/14Va) (R/(r))=D»,  (9b)
and
(2, £1 |V (Ys")]| £1,2)

= (V5/14 Va) (Ry'(r)) =D (9¢)
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where = s, 0, and %, and » = ¢, 7, and {, respec-
tively for quadrate, trigonal, and cylindrical sym-
metries. With these definitions, the nonvanishing
one electron matrix elements become:

quadrate:

(2, +2|Vq| £2,2)=Dg—-2Ds+Dt,
(2, *+1|Vq| *1,2)=-4Dg+Ds—4Dz,
(2,0|Vq|0,2)=6Dqg+2Ds+6D1t,
(2, £2|Vq| ¥2,2)=5Dg, (10 a)
((#®—9?) |Vq| (22—y?%))=6Dg—2Ds+Dt,
((22) | Vq| (22))=6Dq+2Ds+6Dt,
((xy) |Vq| (zy))=—-4Dqg—-2Ds+Dt,

((z2) | Vol (z2)) = ((y2) |[Val(y2)) (10Db)
=—-4Dq+Ds—4D:.

trigonal 22:

(2, £2|Vr| £2,2

)=—3Dg—2Do+Dr,
(2, £1|Vq| £1,2)

)

)

§Dg+Do—4Dr,

I

(2,0|V¢|0,2Y= -4Dg+2Do6+6D7,
(2, 22| Vqe| F1,2) = (2, F1|Vq| £2,2)
=+ 103]/2qu, (11a)

(a1(t2)| Vx| a1(tsg)) = —4D g+2Do+6Dr,
(es(teg)| Vrle. (t2)) = —4Dg—Do— 3D,
(es(es)| Vr|es(es))= 6Dg—3D7, (11b)
(e (eg)| Vrle: () ) = (V2/3) 3D —~5Dr).

cylindrical 23:

(2, 22|V | £2,2) = (8. | Voo |6:)
=-2D8+Dt,
(2, 21|V | £1,2) = (714 | Voo | 704 )

—D3-4Dt, (12)

(77a(t23)l VQ I 77a(t2g) ) = (ym (325)| VQ I 7 (2g) )
(78a (t2g) | Vo | 78a(t26) ) = (780 (t2¢) | V| 780 (22¢) )
(780 (t26) | Vo | 80 (t2e) ) = (78a(t2e) | Vi | 784 (t2¢) )

(772 (t26) | Vo | ¥8a (826) ) = (70 (t22) | Vg | 78w (22g) )

(78a(e)| Va | v8a(ee) ) = (vsn(ee)| V| van (eg) )
(78c(€e) | V| 7sc(eg) ) = (vsaleg)| Vq| 7saleg)) =6Dg+2Ds+6Dt; J

(712 (t2e) | Vo | 77 (t26) ) = (yn (t2g) | Vo | 7w (26) )
(78a (t2g) | V' | Y8a (t2g) ) = (78w (t2¢) | Ve | ¥o (22g) )
(780 (t26) | Ve | 780 (t2g) ) = (784 (t2g) | V' | 78a(t2) ) = —4Dg—Do—3Dx
(78a(eg) | Vo | v8a(€g) ) = (van(eg) | Vo | 7an (eg) )
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(2,0|Vm|0,2)=(O]V°°|0)
=2D%+6Dt.

The radial portion of the spin-orbit and electron
correlation integrals of the matrix elements in the
atomic case are parametrically substituted as C, the
spin-orbit coupling constant?$, and 4, B, C, the
Racah electron correlation parameters 25. Purely
symmetry arguments require more generalized 5
such spin-orbit interaction parameters and 23 elec-
tron correlation parameters in the theory of qua-
drate fields, 6 spin-orbit and 27 electron correlation
parameters in trigonal fields, and 4 spin-orbit and
14 electron correlation parameters in cylindrical
fields 42, Assuming that the relative differences
among these various sets of parameters are small,
we shall still use only one spin-orbit interaction
parameter and three electron correlation parameters
as in the free-ion case 6 but as adjustable parame-
ters as in the cubic case.

E) Energy Matrices

The appropriate secular determinants can be
easily derived with the necessary matrix elements of
the ligand field, electron correlation, and spin-orbit
perturbations expressed in terms of the correspond-
ing parameters, using the symmetry wave functions
derived above.

The ligand field matrix elements in all represen-
tations of the cylindrical and in all except the {y, y}
representation of the quadrate and trigonal symme-
tries are calculated by using Eqgs. (10), (11), and
(12). The one electron matrix elements of Egs.
(13 a) and (13 b) simplify the calculation of ligand
field matrix elements in the {y, 7} coupling scheme
of the quadrate and trigonal symmetries.

=—-4Dg-%Dt,
—~4Dg—-Ds— D¢,
—~4Dg+Ds—4Dt,

~ V2 (3Ds-5D1),
6Dg—-2Ds+Dt,

Il

Il

(13 a)

Il

—4Dg+ % Dr,
—4Dg+Do+ 3% D,

(13 b)

I

(73 (eg)| Vo | 7sc(eg) ) = (vsaleg)| V| ysales)) =6Dg— iDw,
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I

(v7a (22) I VT ’ 78a (tEg) >

'/:'Tn (l'_";)' VT ! 78a (eh) >

Il

(78a (t;’g)| Vi }I 78a(€g) )

(7se ()| Pz | 75 (eg) ) =2 12 (3D 6 —5D1),

/, V8a (’:’:ﬁ” VT ! "/8‘1(6;:) > =g" S ]'5/2 (3 Do— 5D T) B J

The matrix elements due to electron correlation
can be obtained by the use of the coulomb (J) and
exchange (K) integrals of |1, m;) {s, mg) functions
in both {L, S} 27 and {j, j} representations of qua-
drate and trigonal fields and in the corresponding
{4,3}2 and {m, )} representations and also in
the {Z, 2} representation of cylindrical fields. The
J and K integrals of tetragonal oriented %, and e.
orbitals ® aid in the calculation of the electron cor-
relation matrix elements of the quadrate fields in
both the {X,S} representations as well as in the
{»,7} representation. In the latter case, the |y,y)
wave functions have to be expanded in terms of the
t>« , e, orbitals by the relations given in Table 11.
Calculation of the electron correlation matrix ele-
ments in the case of the trigonal fields in the {X, S}
representation (and also in the {y, 7} scheme, once

(24
the |y,7) functions are expanded in terms of the
trigonal oriented t... e. orbitals by the relations of
Table 11) is facilitated by the use of the nonvanish-
ing coulomb and exchange integrals of the trigo-

nally quantized d-orbitals?? listed in Table 14.

Table 14. The Nonvanishing Electron Correlation Integrals
of Trigonally Quantized d Orbitals.

I (toga, t2ga) = A+4B+3C
J (t2gh , togh) ce s 1230) =] (t2¢h , t2ge) =A+B+2C
J (t2ga . t2g1) 2aq . t200) =A—2 B+C

J(ega, ega) = Jlex . eq)) —J(ega, egh) =A+2C
J(t:?;.":l . F;:u) = J(t2ga ";.:h) '](f:?gb s egq) =

J (tagh , egh) = J(tage . egy) T:J(tfgc ,egh) =A+C

K (taga , toeh) = K (204 . 12.0) =3 B+C

K (tagh . toge) =6B+2C

K(toga.egn) = K(toga. cx)) =K(t2gh . egy) =

K (t2gh . egn) = K(tog. . ex,) =K (toge . egt)) =2 B+C

K(ega.eq) =8B+2C

a b ¢ d {ab|efr,|cd)
(t‘_)i:l) (t2c1)) (12¢4) (C’;:;l) 21/23
(t2¢a) (toge) (B2e) (egh) 212 B
(t221) (t2gc) (£200) (ewa) 213 B

(ron(t2e) | Ve [ 760, (120) ) = —
(7'71)(‘2';)‘: £ ! v (eg) )

(ven (t20) | V-
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‘f (9Dc+20D7).

Il
[

213 (3Do-5D),

1lren(e))) = — X2 (3Do-5D1), (13b)
(t2¢¢) (£2¢1) (t2e1) (egh) 2V2B
(t‘.’gzl) (tZ;:h) (eg-;.) (12;;3) — VE B
“2;.!‘:1) “i‘g‘c) ((’p:h‘) (qu) = V? B
(2¢1) (t2g¢) (ega) (t2gc) — V2B
(t2¢¢) (t221) (egh) (t2eh) — V2B
(t2ga) (toga) (t221) (egn) — ]/2 B
(t2¢a) (t2ga) (t2ge) (egn) —VZB
(t2¢m) (t221) (t2g1) (ega) —VZB
(t2¢¢) (t2g¢) (t2ge) (egh) — V2B
(t2ga) (t2gn) (t2gc) (egh) V2B
(toga) (toge) (t21)) (ewa) ]/2 B
(t".’gb) (52{;1») ([2;:;.) (ek’h) ]/2 B
(t2ge) (t2gc) (togn) (ega) V2B
(t2ga) (t2¢h) (egh) (t2gc) —2 ]/2 B
(t2ga) (toge) (ega) (t20h) -2 V-z B
(t2ga) (ega) (t2gc) (egh) 4B
(t2ga) (egh) (t2gh) (exa) 4B
(t22a) (ega) (egh) (t2g¢) —2B
(t2¢2) (egh) (ega) (t2gh) —2B
(ega) (ega) (t2ga) (t2ge) —2B
(egh) (egh) (t2ga) (t21)) —2RB
(t22h) (t2gc) (exa) (egl) 2B+C
(t201) (t2g¢) (egh) (eza) 2B+C
(t22a) (toga) (ezy) (egh) 2B+C
(l-_’;:h) (egb) ([fgc) (8ga) —4B
(t2¢1) (egn) (ega) (t2gc) 2B
(t2gn) (t2gh) (ega) (ega) 2B
(t2ge) (t2ge) (egh) (egb) 2B
(t2ga) 3B+C

(toga)

(t2¢h)

(t2ge)

The spin-orbit matrix elements in the {X, S} an
{L, S} representations of the quadrate and trigonal
fields and the corresponding {Z, X} and {4,2)}
representations of the cylindrical fields have been
calculated from the expanded functions in the
'l,m;) s, mg) form. Spin-orbit is diagonal in the
(7.j) coupling scheme of all the three symmetrie-
and the diagonal element is given by 162

S5 {GiGi+ 1) =L +1) —si(si+1)}/2
which depends only on the values of n;, [;, and ;..
Thus, the spin-orbit energies for the states (j.j’
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are:  (5/2,5/2) =2%pa, (5/2,3/2) = —1/2 8,
and (3/2,3/2) = —3 4. Calculation of the spin-
orbit matrix elements in the (y,7) scheme of the
quadrate and trigonal fields is easily carried out by
the use of the nonvanishing single electron matrix
elements of Eq. (14)

<V7a(l'2g)] l's { 772 (t2g) )

= <77b(t'2g)] l's I 77p (t2g) ) =y
(78a (t2g) | -8 | 78a (22g) ) = (780 (126) | -8 | 71 (20g) ) =
(78c (226) | 18 | 7sc (t2g) ) (14)

= (78a(t2g) | 18 | ya(t2e) ) = — /2,
<78a(t2g)' l's l vsa(eg) ) = (?’Bb(t?g)'l's ‘ ven(eg) ) =
(78e (&Zg)’ l's ] 78 (eg) )

_ V6 -

=(7"8d(t25)[l's|}’8¢1(€g)> 5 &~

In the case of the cylindrical fields, the strong-
field scheme diagonalizes the ligand field parame-
ters, the weak-field scheme diagonalizes the electron
correlation parameters, and the (w,®) coupling
diagonalizes the spin-orbit parameter. The energy
matrices 3 of the strong field formalism are given
in Table 9 b and those of the weak field and (w, w)
representation are included in Appendix '3 A.3(a)

and (b).

In the representations of the quadrate and tri-
gonal fields in which octahedral orientation is main-
tained, cubic ligand field, electron correlation, and
spin-orbit will be diagonal in cubic quantum num-
ber {I';°} but not the axial part of the ligand field.
The members in each pair of the cubic states, I',¢
and I'3,C, I'sC and I'y,C, and I'y, © and Iy, ,C
transforming as the quadrate I',%, I'y?, and I'\Q
representations, respectively, will be connected by
nonzero offdiagonal axial field parameters D s and
D t. Similarly, the members in each set of the cubic
states, I';® and I'5,C, I'sC and I'},°, and I, ,°,
I'y, °, and Iy, .© transforming as the trigonal I',7,
I',T and I'" representations, respectively, will be
connected by nonzero offdiagonal axial field para-
meters d 6 and d 7. Complete ligand field, including
axial, will be diagonal in the quadrate {X, S, e, bs,,
a1z, big, I';} coupling scheme. The energy matrices
in the form of matrix elements3? in the {X, S, to,
eg, I';} representation for both quadrate and tri-
gonal symmetries are given in Tables 5b and 7b
and in all other representations are listed in Appen-
dix 13, A.1 and A.2. It should be noted that in the
limit of the cubic crystalline field, i.e., zero axial
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ligand field parameters, btoh quadrate and trigonal
energy matrices in the {X,S, to.,e:,I;} and
{L,S,],I';} representations reduce to the corre-
sponding cubic energy matrices of LIEHR and BALL-
HAUSEN 32, If, in addition, the spin-orbit coupling
constant also vanishes, the energy matrices in the
{X,S, ts,,e.,I';} representation will be identical
to those of the TANABE and SUGANO 1.

F) Unitary Transformations

The various transformations connecting different
coupling schemes in the three cases of symmetry are
as follows:

Quadrate

<_'2—> {L’S5]’FJ'}

{X, S, tgg,eg,I‘j}

) L
{X’ S, eg, bag, agg blg"rj}‘

5

L>{Y7(t’2g))78(ti)g)9 78(35;)51—‘1'} <_G_—> {]’ j’ ], F]}

Trigonal
S, Iy =t {LELTH
S 6
o 11
{y1(t2g), 78 (t2g), vs(es), '} = {j,j, 1. T}
Cylindrical
{&,2,8,n,0,1;}

2

- {4, 30,1}
A
3 1
™~ {w,w,Q2,T;}

The above unitary transformations can be promptly
derived when the separate basis vectors are expand-
ed, one in terms of the other. Appendix B1® in-
cludes transformation matrices 1, 2, 3, and 4 of
quadrate, 1, 2, and 3 of trigonal, and 1 and 2 of
cylindrical symmetry. It is a straightforward matter
to obtain the remaining connections in each case
from these transformations.

The relationship H, =T (I";)H, T (I';)* conjoin-
ing the transformations a and b by the transforma-
tion matrices T (I";) enables one to derive the com-
plete set of energy matrices of scheme a from the
known energy matrices of scheme b, and vice versa
(l.c.3 %) Such a computation has been carried
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out by the author for all the transformations discus-
sed, thus, providing an independent check on the
calculation of perturbation matrices of all represen-
tations. Other checks available on the derived energy
equations are described below.

In each symmetry, the energy matrices of differ-
ent representations will give exactly the same eigen-
values for the same set of parametric values. In ad-
dition, for a given set of B, C, Dgq, and { with
Ds=Do=0 and Dt=D7=0, identical (cubic)
eigenvalues will be obtained from both quadrate
and trigonal energy matrices (in any representa-
tion), providing a check on all except the axial li-
gand field parameters. Finally, if we set D ¢=0,
with Ds=Do=D% and Dt=Dv=Dt and same
set of B, C, and { parameters, the same set of (cy-
lindrical) eigenvalues will result from cylindrical,
quadrate, and trigonal energy matrices (in any re-
presentation), thus, providing a check on the axial
ligand field parameters also.

G) Wave Functions and Energy Matrices
of d® Configuration

The symmetry adapted wave functions of d® elec-
tronic configuration in any representation can be
easily written down, if needed, from the two elec-
tron functions given here by recourse to electron-
hole conjugation. The appropriate energy matrices
can be obtained by simply reversing the sign of
all parameters of one electron operators, namely,
£, Dgq, D u, and Dv. There will be a constant en-
ergy difference, 27 4—-42B+21C, only in the
diagonal elements with respect to electron correla-
tion terms. It need not concern us, however, since
our interest is in energy differences and not in abso-
lute eigenvalues.

H) Energy Diagrams

From the secular determinants we see that the
characteristic functions and values of Schroedinger’s
equation are parametrically dependent upon six
quantities £, B, C, D q, D u, and D v in the case of
quadrate and trigonal symmetries and five quanti-
ties £, B, C, D u, and D v in the case of cylindrical
symmetry. It is well-known that the spin-orbit cou-
pling constant { and the electron correlation para-
meters B and C are, in general, reduced in magni-
tude in complexes relative to the free-ion. We have
thus fixed the { values to be 130 em™! and 550 cm™1!
for d*> and d® configurations, respectively, appro-
priate to trivalent vanadium and divalent nickel 32.
The corresponding B values were chosen to be

THE d®> AND d® NONCUBIC LIGAND FIELD SPECTRUM, I

600 cm™! and 800 cm™* considering again the va-
nadium (IIT) and nickel (II) compounds as exem-
plary systems 32. We have also assumed the relation
C =4 B which is fairly well fulfilled within the ele-
mentary theory of atomic term values 32,

The parametric set of secular equations in the
quadrate and trigonal {X,S, t5,,e.,I';} and qua-
drate {X,S, e, by, aiz,b1z,I'j} representations

have been programmed 3* to obtain the energy levels

as a function of D ¢ which is varied from 0 cm™! to
14,000 cm™!. Positive D g values correspond to
quadrate and trigonal fields of octahedral d® and
tetrahedral d® and the negative D g to those of the
tetrahedral d? and octahedral d® configurations. The
D v and 2, which is the ratio of D 1 to D », are fixed
in the {X,S, to,e,,I';} representation of the
quadrate and trigonal fields whereas the relation
Dt= —4/9 D q, appropriate to square planar geo-
metry 34, has been used in the quadrate {X,S,e,.
bag, @1g, big, I';} representation with a fixed value
of %. The selected values of Dt (quadrate) and D~
(trigonal) in em™! for various distortions and sub-
stitutions 3% in the {X, S, to,, €., I';} representation
of quadrate and trigonal fields are listed below:

d2 ds
Octahedral Tetrahedral — Octahedral Tetrahedral
Quadrate  £250 +125 +125 +60
Trigonal * 75 + 85 + 35 +15

Such diagrams have been constructed for x values 36
of =2 and £ 5. The energy plots 37 with one set of
D v values, and a % value of 2 are shown in Figures
1 to 8 and 49 to 56. The d® square planar energy
diagram is displayed in Figure 41. All other plots,
Figures 9 to 40, 42 to 48, 57 to 80 are included in
Appendix 13 C. 1 and 2.

The energy diagrams of cylindrical fields in the
{E, 2} representation are obtained by varying Dt
for a fixed value of . The value of D1 is varied
from —2000 cm™! to + 2000 cm™?! and once again
» values of £ 2 and £ 5 have been used for both
d? and d8. The plots with x=2 for d?® and d® are
shown in Figs. 81 and 85 and the others in Figs.
82 to 84 and 86 to 88, Appendix 1* C.3.

ITI. Summary

Complete theory of d? and d® electronic configu-
rations immersed in quadrate, trigonal, and cylin-
drical fields including spin-orbit perturbation and
full configuration interaction has been detailed. Such
a treatment has been carried out in five different re-
presentations for quadrate fields, four representa-
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tions for trigonal fields and three representations
for cylindrical fields. The symmetry adapted spin-
orbital wave functions in all the representations, the
corresponding energy matrices, and the unitary
transformations connecting the various representa-
tions have been derived. The energy levels in the
strong field scheme have been obtained for appro-
priate sets of parametric values in all three sym-
metries. The symmetry adapted wave functions, the
secular determinants, the unitary transformations,
and the energy level diagrams will be useful in a
precise study of optical and magnetic properties of
quadrately or trigonally distorted or substituted
octahedral or tetrahedral complexes and of com-
pounds of cylindrical symmetry of d? and d® elec-
tronic configurations.
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Appendix A 13

Wave Functions and Energy Matrices 30

1. Quadrate

(@) {X, S.eg, bog, aig, big, I'j} Representation

(b) {L, S, ], I'j} Representation

(¢)  {j,J»J, I'j} Representation

(d)  {y7(t2¢), y8(t2g), y8(eg), I';} Representation
2. Trigonal

(a) {L,S,J, I;j} Representation

)  {j,j,J, I'j} Representation

(¢)  {y7(t2e), y8(t2e), y8(eg), I'j} Representation
3. Cylindrical

(a) {4,2,92,TI;} Representation

b) {w,w, 2, I';} Representation

Appendix B 13

Unitary Transformation Matrices

1. Quadrate

(a) (L,S,J,Fj'X,s,t2g,eg,Fj)

(b) (j;j’lsri|L’S,JrF])

(C) (77(t28‘)1 78(‘2 )’ 78 (eg)s F] l X, S’ t28 ) eg ) Fi)

(d) (X, S, t2g, g, le,S,eg,bzg,blg,alg,Fj)
2. Trigonal
3. Cylindrical

(@ 4,2,2,T;]|E,2,8,n,0,TIj)

(b) (0,0,2,T;|4,2,Q,Tj
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Appendix C 13

Energy Level Diagrams 37

[d2: B=600cm~—!, C/B=4, and £=130cm™1;
d8: B=800cm—!, C/B=4, and {=-—550cm™1].

1. Quadrate
Figures 9—11 d? Octahedral-Quadrate;
Dt = 250 cm—!, %= —2,5,—5.
Figures 12—14 d? Octahedral-Quadrate;
Dt = —250 cm™}, %= —2,5,—5.
Figures 15—17 d? Tetrahedral-Quadrate;
Dt = 125cm™}, %= —2,5,—5.
Figures 18—20 d? Tetrahedral-Quadrate;
Dt = —125 cm™}, %= —2,5,—5.
Figures 21 —23 d® Octahedral-Quadrate;
Dt = 125cm™}, %= —2,5,—5.
Figures 24 —26 d® Octahedral-Quadrate;
Dt = —125 cm™}, %= —2,5—5.
Figures 27—29 d® Tetrahedral-Quadrate;
Dt = 60 cm—1, %= —2,5,—5.
Figures 30— 32 d® Tetrahedral-Quadrate;
Dt = —60cm™1, x = —2,5,—5.

Figures 33 —36 Octahedral d2-Square Planar;
x=2,—2,5, —5.

Tetrahedral d2-Square Planar;
%= —2,5 —5.

Octahedral d®-Square Planar;
% =2,—2,5,—5.

Tetrahedral d8-Square Planar;
% =2,—2,5 —5.

Figures 37—40
Figures 42 —44

Figures 45—48

2. Trigonal

Figures 57 —59 d? Octahedral-Trigonal ;

Dt = 75 em—1, %= —2,5—5.
Figures 60— 62 d? Octahedral-Trigonal ;

Dr= —75cm™}, %= —2,5 —5.
Figures 63— 65 d? Tetrahedral-Trigonal;
Dt = 35 cm—}, %= —2,5—5.
Figures 66 —68 d? Tetrahedral-Trigonal;
Dr= —35cm™}, %= —2,5—5.
Figures 69—71 d® Octahedral-Trigonal;

Dt = 35 em™1, x = —2,5—5.
Figures 72—74 d® Octahedral-Trigonal;

Dr= —35cm™}, %= —2,5,—5.
Figures 75—77 d8 Tetrahedral-Trigonal ;
Dt = 15 cm—1, %= —2,5—5.
Figures 78— 80 d8 Tetrahedral-Trigonal;
Dr= —15cm™}, %= —2,5,—5.

3. Cylindrical

Figures 82— 84 d2? Cylindrical;

%= —2,5—5.
Figures 86— 88 d8 Cylindrical;
%= —2,5—5.
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to be even under inversion in the origin. Hence, we have
that the reflection o (z—z) is mathematically equivalent to

a rotation by 7 (C,) about the y-axis.

15 We may consider that the 6y symmetry operation trans-
forms any doubly degenerate representation £: to &=z.
Thus, ov(@p+) =5 ,0y(y+)=y7 andsoon.

16 (a) E. U. ConpoON and G. H. SHORTLEY, “The Theory of
Atomic Spectra”, Cambridge University Press, New York
1957. See also (b) J. C. SLATER, “Quantum Theory of Ato-
mic Structure”, Vol. II, McGraw-Hill Book Co., Inc., New
York 1960.

17 H. A. BETHE, Ann. Physik 3, 133 [1929]. A complete
English translation of this article is available from Con-
sultants Bureau. New York *.

* Footnotes 18—37 on page 1860.

Figs. 49 and 50. Energy level diagrams for a d2 electronic
system immersed in an octahedral field with a trigonal com-
ponent; B=600cm~1!, C/B=4, {=130cm~!, »x=2,
D7t=+475 and —75cm~L

Figs. 51 and 52. Energy level diagrams for a d? electronic
system immersed in a tetrahedral field with a trigonal com-
ponent; B=600cm~!, C/B=4, {=130cm—1, x»=2,
Dv=+35 and —35cm—L

Figs. 53 and 54. Energy level diagrams for a d® electronic
system immersed in an octahedral field with a trigonal com-
ponent; B=800cm—!, C/B=4, {=—550cm—1, %x=2,
Dt=+35 and —35cm—1,

Fig. 55. Energy level diagrams for a d® electronic system
immersed in a tetrahedral field with a trigonal component;
B=800cm—!, C/B=4, {=-—550cm™!, x=2,
Dr=+15 and —15cm™—1,

Figures 1—8, 41, 49—56, 81 and 85 (see the following pages
1841—1856) have already been reduced from a large size.
The other Figures are only mentioned in Appendix C.
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R. FINKeLSTEIN and J. H. VANVLECK, J. Chem. Phys. 8,
790 [1940].

S. R. PoLo, Studies in Crystal Field Theory, Vol. I and II,
to be published.

(a) M. A. MeLvIN and N. V. V. J. Swamy, Phys. Rev. 107,
186 [1957]; (b) R. Sarro and M. MoriTa, Progr. Theo-
ret. Phys. (Tokyo) 13, 540 [1955]; (c) A. P. YuTsts, L. B.
LEviNsON, and V. V. VaNAGas, “Theory of Angular Mo-
mentum”, Translated from Russian, published for the Na-
tional Science Foundation, Washington, D. C., by the Israel
Program for Scientific Translation, Jerusalem 1962.

Ry (ri) in a six coordinate octahedral ligand fields is given
by R, (r}) =eq.—; V égﬂ_ ‘. :5< and R, (ri) and R/ (rj) in a
=
two coordinate cylindrical ligand field are given by R, (ri)

FERE . 4a e
251 . r; and R, (ri) =eq. 2 1,/ 49” F In
these equations*®, e and g are the charges of the electron
and the ligand, respectively, and r_ is the lesser of the r
coordinate of the electron and the metal-ligand bond
distance, r_. being the greater of the two.

The D o and D v parameters are related to the trigonal
splitting parameters v and v” of PRYCE and RUNCIMAN [ (a)
M. H. L. Pryce and W. A. RunciMAN, Discussions Fara-
day Soc. 26, 34 [1958]] and to K and K’ of SucaNo and
TaNABE [(b) S. Sucano and Y. TaNaBE, J. Phys. Soc.
Japan 13, 880 [1958]] by the equations: v'=K’'=}/2/3
(3Do—5D1) and v=—3K=1/3(9D06+20D 7).

The A, and A, parameters of HoOUGEN et al. [J. T.
HouceN, G. E. Leroy, and T. C. James, J. Chem. Phys.
34, 1670 [1961]] are just half of the DS and Dt para-
meters, respectively.

The many electron spin-orbit parameter 4 of a d” ion is
related to the one electron spin-orbit coupling constant {
by the formula {=2 S| 1|, where S is the spin of the ion.
(a) Racah’s 4, B, C parameters and the F, F,, F, para-
meters of Condon and Shortley are connected by the equa-
tions: A=Fy—49F,, B=F,—5F,, and C=35F,; (b)
A being a constant additive energy term in the diagonal
elements, it will not be included in further discussion.
Since the electron correlation parameters are being used
as adjustable parameters (and not as the free-ion para-
meters), it is not necessary to take into account the orbit-
orbit interaction. Inclusion of this perturbation [(a) R. E.
TrEEs, Phys. Rev. 83, 756 [1951]; (b) Ibid. 84, 1089
[1951]; (c) Ibid. 85, 382 [1952]; (d) G. Racams, ibid.
85, 381 [1952]] in the Hamiltonian results in an additive
energy term a*L(L-+1), where a is the Trees parameter,
in the diagonal elements of the weak-field energy matrices.
The corresponding correction in the energy matrices of any
other representation can be easily obtained from the weak-
field secular determinants containing the Trees constant
and the unitary transformations connecting the two sche-
mes.

Note that the electron correlation is diagonal in this repre-
sentation. The necessary matrix elements are: 3F =—8 B,
3P=7B, 16=4B+2C, 'D=—3B+2C and 1S=14B
+7C.

(a) L. E. OrGeL, J. Chem. Phys. 23, 1819 [1955]; (b) H.
YAMATERA, Bull. Chem. Soc. Japan 31, 95 [1958].

(a) The trigonal wave functions can be laboriously trans-
formed into their tetragonal Cartesian equivalents [Eq.
(2)] or expanded in terms of the free-ion functions which
in turn can be employed to calculate the electron cor-
relation elements as described in the quadrate case: (b)
Because of the importance of these integrals in any therory
based on symmetry, including molecular orbital theory,
the have been derived here once and for all. These integrals
have been checked and verified by expanding the trigonal
orbitals into their tetragonal equivalents and calculating
the elements from them.
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Instead of writing down the complete secular determinants
we have listed here the matrix elements for convenience.
The matrix elements include the diagonal and only half of
the off-diagonal elements. The other half are the complex
conjugates of the corresponding off-diagonals listed. As an
example (z|y) = (z*|y) and (y|z) = (y*|2) =
(z* | g)* = (= | .

(a) Y. TANABE and S. SUGANO, J. Phys. Soc. Japan 9, 753
[1954]; (b) Ibid. 9, 766 [1954]; (c) S. Sucano, Y.
TaNaBg, and H. KaAMIMURA, “Multiplets of Transition-Me-
tal Ions in Crystal”, Academic Press, New York 1970.

The free-ion values for V3* and Ni2*, respectively, are: *°
=210, 666 cm—1, B=860, 1042 cm—!, and C=3605, 4060
cm™L

The energy matrices were solved and the energy levels
were plotted on the IBM 7090 computer at the University
of Pittsburgh Computer Center. Energy diagrams were
plotted on a Calcomp Plotter through IBM 1401, which
is fed by a magnetic tape from IBM 7090. The energy
matrices are being presently programmed at the Computer
Center of the Florida Atlantic University with the assis-
tance of Mr. D. GATSINOS.

(a) J. R. PERUMAREDDI, J. Phys. Chem. 71, 3155 [1967] ;
(b) This relation which is applicable only in the limit of
crystalline field formalism is being used here merely to
simplify the construction of the energy diagrams, although
it has not been definitely established yet. In contrast, the
theoretical relation between the D ¢’s of octahedral and
tetrahedral ligand fields seems to agree with the available
experimental data.

(a) These values were chosen as representative examples
after a survey had been made of the optical spectral data
of all the known tetragonal and trigonal complexes of
nickel (IT) and vanadium (IIT) ; (b) The choice of both D s,
Dtor Do, Dt > 0 corresponds to a pure tetragonal or
trigonal axial compression of the initially cubic system,
the choice of both Ds, Dt or Do, Dt < 0 corresponds
to a pure axial elongation, and the choice of mixed signed
magnitudes (i.e., Ds and Dt or D ¢ and D 7 of opposite
signs) to more complex situations of variable covalency
effects. Note that for the trigonal system the compression
is one which forces (squeezes) the ligands towards the three-
fold axis and the elongation one which forces (releases)
them from it. Note also that for the tetragonal system sub-
stitution by ligands of stronger ligand field strength along
the four-old axis (octahedron) can be viewed as equivalent
to a distortion of compression and similarly substitution
by ligands of weaker ligand field strength to an elongation.
The D n parameter, either by itself or expressed in terms
of % which is the ratio of D u to D v, is the least under-
stood parameter at the present time. In the limit of crystal-
line field formalism, it is expected to have the same sign
and a few orders of magnitude greater than D ». On the
other hand in a symmetry based parametric theory such as
the ligand field theory, it may be positive or negative of
D v and may assume any value. Thus, as low a value as
close to zero and as high a value as 9 had been used % 4
for x in interpreting the optical spectral data of quadrate.
trigonal, and cylindrical complexes of nickel (II) and vana-
dium (ITT). We have chosen —5 and 5 as representative of
a low and a high value of x, respectively.

The superscripts on the energy labels in the Figures refex
to the percentage content of that eigenvector component
of the eigenfunction. The various symbols have the fol-
lowing meaning:

§, 75+2.5%;
B, 60+2.5%;
¥, 45+25%;
B; 30+2.5%;

+, 7012.5%; %, 65+2.5%;
¢, 55+25%; P, 50+£2.5%;
J, 40+2.5%; ¥, 35%£2.5%;
P 25+25%; ™ 20+2.5%.



